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1 Introduction
In a series of papers, Mweene has developed a generalized description of
angular momentum which contains the standard results in a certain limit.
He has thereby obtained new generalized expressions for the operators and
eigenvectors for spin 1/2[1-4], spin 1[5], spin 3/2[6], spin 2[7] and spin 5/2[8].
Applying this approach to angular momentum addition, he has shown how
the standard results for various states that arise from combining two values
of angular momentum come about from a consideration of probability ampli-
tudes for measurements on these systems. This had led to generalized results
for angular momentum addition which also reduce to the standard results in
an appropriate limit[9-10].
In a further development of the approach, Mweene has shown that the
usual spherical harmonics are just special forms of more generalized quan-
tities and he has obtained the generalized spherical harmonics for the case
l = 1[11]. In this paper, we give the generalized spherical harmonics for
l = 2.
This paper is organized as follows. This Introduction is followed in Section
2 by a brief review of the theory underlying the work. Section 3 contains
the derivation of the generalized spherical harmonics and their probability
amplitudes. Section 4 is a discussion of some of the properties of these
quantities. The Discussion and Conclusion in Section 5 closes the paper.
2 Theoretical Background
This work is inspired by the interpretation of quantum mechanics due to
Lande´[12-15]. According to Lande´, if a quantum system possesses three sets
of observables A, B and C with respective eigenvalue spectra A1, A2,...,AN ,
B1, B2, ...,BN and C1, C2, ....,CN - where N is the multiplicity of each spec-
trum, which is necessarily the same for each observable[13] - then three sets
of probability amplitudes can be defined for the system. One set, which
is denoted by ψ(Ai, Cj), relates to measurement of the observable C if the
system is in a state corresponding to eigenvalues of the observable A: thus
|ψ(Ai;Cj)|2 gives the probability for obtaining the value Cj if the initial
state corresponds to the eigenvalue Ai of the observable A. The second set
χ(Ai;Bj) relates to measurement of B when the system is in a state corre-
sponding to the eigenvalue A. Finally, the set φ(Bi;Cj) describes measure-
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ments of C when the initial state belongs to the observable B. Since the three
sets of probability amplitudes belong to one system, they are interdependent,
and the law of interdependence is[12,13]
ψ(Ai;Cj) =
∑
j
χ(Ai;Bj)φ(Bj ;Cn) (1)
Another aspect of Lande´’s interpretation of quantum mechanics is that ev-
ery eigenfunction or wave function of a quantum system is first and foremost
a probability amplitude and that every such probability amplitude connects
two well-defined states - one corresponding to the state in which the system
is before a measurement, and the other to the state that comes about as a
result of the measurement[12,13]. It is therefore always possible to identify
an initial and a final state for any wave function or eigenfunction.
Mweene has argued that for an eigenfunction resulting from solution of a
differential eigenvalue equation, the initial state corresponds to the eigenvalue
while the final state corresponds to the eigenvalue defined by the continuous
variable in terms of which the differential operator is defined[16]. For the
Schro¨dinger equation, the eigenfunctions ψEi(x) should really be written as
ψ(Ei; x) to emphasize that the initial state in the probability amplitude cor-
responds to the eigenvalue Ei while the final state corresponds to the eigen-
value x. Another example comes from the solution of Legendre’s equation.
The spherical harmonics Ylm(θ, ϕ) should really be written as Y (l, m; θ, ϕ)
to emphasize that in this case the initial state is defined by the eigenvalues
mh¯ and l(l + 1)h¯2 while the final state corresponds to the angular position
(θ, ϕ). Since mh¯ is an angular momentum projection, it must be defined with
respect to some axis. Owing to the absence of another set of angles in the
expressions of the spherical harmonics which could define this direction, it
must be the z axis[11]. But since an axis of quantization can be chosen arbi-
trarily, it is possible to define spherical harmonics with respect to any other
direction as the axis of initial quantization. The functions resulting from this
are the generalized spherical harmonics and have already been worked out
for the case l = 1. In this work, we obtain them for l = 2.
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3 Generalized Spherical Harmonics
3.1 Probability Amplitudes
The generalized spherical harmonics connect states of angular momentum
projection in the arbitrary direction â defined by the polar angles (θ′, ϕ′) to
states of the angular position (θ, ϕ). We denote them by Y (l, m(â); θ, ϕ) . To
derive them, we use the probability addition law Eq. (1). We start off by
writing
Y (l, m(â); θ, ϕ) =
∑
j
χ(l, m(â);Bj)φ(Bj; θ, ϕ) (2)
If we choose the observable B carefully, we should find that both the proba-
bility amplitudes χ(l, m(â);Bj) and φ(Bj; θ, ϕ) are known. If B is chosen to
be the spin projection with respect to the z direction, it is found that
φ(Bj ; θ, ϕ) = Y (l, m
(k̂); θ, ϕ) (3)
are the standard spherical harmonics, while χ(l, m
(â)
i ; l, m
(k̂)
f ) are just spin
probability amplitudes connecting states such that the initial one corresponds
to the spin projection being mih¯ in the direction â while the final state corre-
sponds to the spin projection being mf h¯ along the z axis. These have already
been worked out[7] and are as given below. If the initial spin projection in
the direction â is 2h¯, these probability amplitudes are
χ(2, 2(â); 2, 2(k̂)) = cos4
θ′
2
e−2iϕ
′
(4)
χ(2, 2(â); 2, 1(k̂)) = 2 sin
θ′
2
cos3
θ′
2
e−iϕ
′
(5)
χ(2, 2(â); 2, 0(k̂)) =
√
6 sin2
θ′
2
cos2
θ′
2
(6)
χ(2, 2(â); 2, (−1)(k̂)) = 2 sin3 θ
′
2
cos
θ′
2
eiϕ
′
(7)
and
χ(2, 2(â); 2, (−2)(k̂)) = sin4 θ
′
2
e2iϕ
′
(8)
If the initial spin projection in the direction â is h¯, the probability am-
plitudes are
χ(2, 1(â); 2, 2(k̂)) = 2 sin
θ′
2
cos3
θ′
2
e−2iϕ
′
(9)
3
χ(2, 1(â); 2, 1(k̂)) = −(3 sin2 θ
′
2
− cos2 θ
′
2
) cos2
θ′
2
e−iϕ
′
(10)
χ(2, 1(â); 2, 0(k̂)) = −
√
6 cos
θ′
2
sin
θ′
2
cos θ′ (11)
χ(2, 1(â); 2, (−1)(k̂)) = (3 cos2 θ
′
2
− sin2 θ
′
2
) sin2
θ′
2
eiϕ
′
(12)
and
χ(2, 1(â); 2, (−2)(k̂)) = −2 sin3 θ
′
2
cos
θ′
2
e2iϕ
′
(13)
If the initial spin projection in the direction â is 0,the probability ampli-
tudes are
χ(2, 0(â); 2, 2(k̂)) =
√
6 sin2
θ′
2
cos2
θ′
2
e−2iϕ
′
(14)
χ(2, 0(â); 2, 1(k̂)) = −
√
6 sin
θ′
2
cos
θ′
2
cos θ′e−iϕ
′
(15)
χ(2, 0(â); 2, 0(k̂)) =
1
2
(2 cos2 θ′ − sin2 θ′) (16)
χ(2, 0(â); 2, (−1)(k̂)) =
√
6 sin
θ′
2
cos
θ′
2
cos θ′eiϕ
′
(17)
and
χ(2, 0(â); 2, (−2)(k̂)) =
√
6 sin2
θ′
2
cos2
θ′
2
e2iϕ
′
(18)
If the initial spin projection in the direction â is −h¯, the probability
amplitudes are
χ(2, (−1)(â); 2, 2(k̂)) = 2 cos θ
′
2
sin3
θ′
2
e−2iϕ
′
(19)
χ(2, (−1)(â); 2, 1(k̂)) = −(3 cos2 θ
′
2
− sin2 θ
′
2
) sin2
θ′
2
e−iϕ
′
(20)
χ(2, (−1)(â); 2, 0(k̂)) =
√
6 sin
θ′
2
cos
θ′
2
cos θ′ (21)
χ(2, (−1)(â); 2, (−1)(k̂)) = (3 sin2 θ
′
2
− cos2 θ
′
2
) cos2
θ′
2
eiϕ
′
(22)
and
χ(2, (−1)(â); 2, (−2)(k̂)) = −2 sin θ
′
2
cos3
θ′
2
e2iϕ
′
(23)
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Finally, if the initial spin projection in the direction â is −2h¯, the prob-
ability amplitudes are
χ(2, (−2)(â); 2, 2(k̂)) = sin4 θ
′
2
e−2iϕ
′
(24)
χ(2, (−2)(â); 2, 1(k̂)) = −2 cos θ
′
2
sin3
θ′
2
e−iϕ
′
(25)
χ(2, (−2)(â); 2, 0(k̂)) =
√
6 sin2
θ′
2
cos2
θ′
2
(26)
χ(2, (−2)(â); 2, (−1)(k̂)) = −2 sin θ
′
2
cos3
θ′
2
eiϕ
′
(27)
and
χ(2, (−2)(â); 2, (−2)(k̂)) = cos4 θ
′
2
e2iϕ
′
(28)
The ordinary spherical harmonics Y2m(θ, ϕ) = Y (2, m
(k̂); θ, ϕ) for l = 2
are
Y (2, 2(k̂); θ, ϕ) =
√
15
32pi
sin2 θe2iϕ (29)
Y (2, 1(k̂); θ, ϕ) = −
√
15
8pi
sin θ cos θeiϕ (30)
Y (2, 0(k̂); θ, ϕ) =
√
5
16pi
(3 cos2 θ − 1) (31)
Y (2, (−1)(k̂); θ, ϕ) =
√
15
8pi
sin θ cos θe−iϕ (32)
Y (2, (−2)(k̂); θ, ϕ) =
√
15
32pi
sin2 θe−2iϕ (33)
Using Eq. (2), the generalized spherical harmonics for l = 2 are found to
be
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Y (2, 2(aˆ); θ, ϕ) =
√
15
32pi
{sin2 θ(cos4 θ
′
2
e2i(ϕ−ϕ
′) + sin4
θ′
2
e−2i(ϕ−ϕ
′))
+ sin 2θ sin θ′(− cos2 θ
′
2
ei(ϕ−ϕ
′) + sin2
θ′
2
e−i(ϕ−ϕ
′))
+
1
2
sin2 θ′(3 cos2 θ − 1)} (34)
Y (2, 1(aˆ); θ, ϕ) =
√
15
32pi
{sin θ′ sin2 θ(cos2 θ
′
2
e2i(ϕ−ϕ
′) − sin2 θ
′
2
e−2i(ϕ−ϕ
′))
− sin 2θ[(3 sin2 θ
′
2
− cos2 θ
′
2
) cos2
θ′
2
ei(ϕ−ϕ
′)
+(3 cos2
θ′
2
− sin2 θ
′
2
) sin2
θ′
2
e−i(ϕ−ϕ
′)]
−1
2
sin 2θ′(3 cos2 θ − 1)} (35)
Y (2, 0(aˆ); θ, ϕ) =
√
45
256pi
{sin2 θ′ sin2 θ(e2i(ϕ−ϕ′) + e−2i(ϕ−ϕ′))
+ sin 2θ sin 2θ′(ei(ϕ−ϕ
′) + e−i(ϕ−ϕ
′))
+
2
3
(3 cos2 θ − 1)(2 cos2 θ′ − sin2 θ′)} (36)
Y (2, (−1)(aˆ); θ, ϕ) =
√
15
32pi
{sin θ′ sin2 θ(sin2 θ
′
2
e2i(ϕ−ϕ
′) − cos2 θ
′
2
e−2i(ϕ−ϕ
′))
+ sin 2θ[(3 cos2
θ′
2
− sin2 θ
′
2
) sin2
θ′
2
ei(ϕ−ϕ
′)
+(3 sin2
θ′
2
− cos2 θ
′
2
) cos2
θ′
2
e−i(ϕ−ϕ
′)]
+
1
2
sin 2θ′(3 cos2 θ − 1)} (37)
Y (2, (−2)(aˆ); θ, ϕ) =
√
15
32pi
{sin2 θ(sin4 θ
′
2
e2i(ϕ−ϕ
′) + cos4
θ′
2
e−2i(ϕ−ϕ
′))
6
+ sin 2θ sin θ′(sin2
θ′
2
ei(ϕ−ϕ
′) − cos2 θ
′
2
e−i(ϕ−ϕ
′))
+
1
2
sin2 θ′(3 cos2 θ − 1)} (38)
3.2 Probability Amplitudes for the x′ Direction
The results we have presented refer to the direction â as the direction of
initial quantization. We may think of the vector â as defining a new z
axis, which we denote by z′, since in the limit θ′ = ϕ′ = 0, the results
corresponding to it reduce to those for the z axis. This z′ axis corresponds
to a new coordinate system in which the unit vector in the x′ direction is û
and that in the y′ direction is v̂[11]. From the results for the â or z′ axis,
we can obtain the probability amplitudes and probabilities densities for the
x′ direction by applying the transformation θ′ → θ′ − pi/2 to them[3,5]. We
are justified in associating the results so obtained with the x′ axis since in
the limit θ′ = ϕ′ = 0, they reduce to those for the x direction. When we
make these argument changes, â becomes û. Applying this prescription to
the generalized spherical harmonics, we obtain the results
Y (2, 2(û); θ, ϕ) =
√
15
128pi
{1
2
sin2 θ[(1 + sin θ′)2e2i(ϕ−ϕ
′)
+(1− sin θ′)2e−2i(ϕ−ϕ′)]
+ sin 2θ cos θ′[(1 + sin θ′)ei(ϕ−ϕ
′)
−(1 − sin θ′)e−i(ϕ−ϕ′)] + cos2 θ′(3 cos2 θ − 1)} (39)
Y (2, 1(û); θ, ϕ) =
√
15
128pi
{− sin2 θ cos θ′[(1 + sin θ′)e2i(ϕ−ϕ′)
−(1 − sin θ′)e−2i(ϕ−ϕ′)]
− sin 2θ[(1− 2 sin θ′)(1 + sin θ′)ei(ϕ−ϕ′)
+(1 + 2 sin θ′)(1− sin θ′)e−i(ϕ−ϕ′)]
+ sin 2θ′(3 cos2 θ − 1)} (40)
Y (2, 0(û); θ, ϕ) =
√
15
128pi
{cos2 θ′ sin2 θ(e2i(ϕ−ϕ′) + e−2i(ϕ−ϕ′))
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− sin 2θ sin 2θ′[ei(ϕ−ϕ′) + e−i(ϕ−ϕ′)]
+
2
3
(2 sin2 θ′ − cos2 θ′)(3 cos2 θ − 1)} (41)
Y (2, (−1)(û); θ, ϕ) =
√
15
128pi
{− sin2 θ cos θ′[(1− sin θ′)e2i(ϕ−ϕ′)
−(1 + sin θ′)e−2i(ϕ−ϕ′)]
+ sin 2θ[(1 + 2 sin θ′)(1− sin θ′)ei(ϕ−ϕ′)
+(1− 2 sin θ′)(1 + sin θ′)e−i(ϕ−ϕ′)]
− sin 2θ′(3 cos2 θ − 1)} (42)
Y (2, (−2)(û); θ, ϕ) =
√
15
128pi
{1
2
sin2 θ[(1− sin θ′)2e2i(ϕ−ϕ′)
+(1 + sin θ′)2e−2i(ϕ−ϕ
′)
− sin 2θ cos θ′[(1− sin θ′)ei(ϕ−ϕ′)
−(1 + sin θ′)e−i(ϕ−ϕ′)] + cos2 θ′(3 cos2 θ − 1)}(43)
3.3 Probability Amplitudes for the y′ Direction
The prescription for obtaining the probability amplitudes and probability
densities corresponding to y′ is to set θ′ = pi/2, ϕ′ → ϕ′ − pi/2 in the ex-
pressions corresponding to the z′ direction. As well as transforming the unit
vector â to the unit vector v̂, this yields the probability amplitudes:
Y (2, 2(v̂); θ, ϕ) = −
√
15
128pi
{1
2
sin2 θ(e2i(ϕ−ϕ
′) + e−2i(ϕ−ϕ
′))
+i sin 2θ[ei(ϕ−ϕ
′) + e−i(ϕ−ϕ
′)]− (3 cos2 θ − 1)} (44)
Y (2, 1(v̂); θ, ϕ) =
√
15
128pi
{sin2 θ(−e2i(ϕ−ϕ′) + e−2i(ϕ−ϕ′))
+i sin 2θ[ei(ϕ−ϕ
′) − e−i(ϕ−ϕ′)]} (45)
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Y (2, 0(v̂); θ, ϕ) = −
√
45
256pi
{sin2 θ(e2i(ϕ−ϕ′) + e−2i(ϕ−ϕ′))
+
2
3
(3 cos2 θ − 1)} (46)
Y (2, (−1)(v̂); θ, ϕ) =
√
15
128pi
{sin2 θ(−e2i(ϕ−ϕ′) + e−2i(ϕ−ϕ′))
+i sin 2θ[ei(ϕ−ϕ
′) − e−i(ϕ−ϕ′)]} (47)
Y (2, (−2)(v̂); θ, ϕ) =
√
15
128pi
{−1
2
sin2 θ(e2i(ϕ−ϕ
′) + e−2i(ϕ−ϕ
′))
+i sin 2θ[ei(ϕ−ϕ
′) + e−i(ϕ−ϕ
′)] + 3 cos2 θ − 1}
(48)
We emphasize that the unit vectors û, v̂ and â define a system of mutually
orthogonal coordinate axes.
4 General Properties of the Generalized Spher-
ical harmonics
The generalized quantities presented here reduce to the standard quantities
in the limit θ′ = ϕ′ = 0, which corresponds to the arbitrary vector â pointing
in the direction of the z axis. Thus, in this limit, we get
Y (2, m(aˆ); θ, ϕ)→ Y2m(θ, ϕ) (49)
A property of special interest with regard to the ordinary spherical harmon-
ics is their behaviour under the parity operation r → −r, a reflection in the
origin. Under this operation, the spherical polar coordinates (r, θ, ϕ) trans-
form thus: r → r, θ → pi − θ, , φ→ φ+ pi . Thus if ρ is the parity operator
defined by
ρΨ(r) = Ψ(−r). (50)
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then
ρY (l, m(k̂); θ, ϕ) = Y (l, m(k̂); pi − θ, ϕ+ pi) (51)
As is well-known however,
Y (l, m(k̂); pi − θ, ϕ+ pi) = (−1)lY (l, m(k̂); θ, ϕ) (52)
so that Y (l, m(k̂); θ, ϕ) has even parity if l is even and odd parity if l is odd.
The generalized spherical harmonics have the form
Y (l, m(â); θ, ϕ) =
∑
j
cjY (l, m
(k̂)
j ; θ, ϕ) (53)
where cj = χ(l, m
(â)
i ; l, m
(k̂)
f ) is a constant with respect to the angles (θ, ϕ).
Hence,
ρY (l, m(â); θ, ϕ) =
∑
j
cjρY (l, m
(k̂)
j ; θ, ϕ) = (−1)lY (l, m(â); θ, ϕ) (54)
Thus, the generalized spherical harmonics have the same parity as the cor-
responding standard spherical harmonics.
The generalized spherical harmonics for value of l can be shown to be
orthonormal: ∫∫
Y ∗(l, m′(â); θ, ϕ)Y (l, m(â); θ, ϕ)dΩ = δm′m (55)
Thus, since
Y (l, m(â); θ, ϕ) =
∑
j
χ(l, m; l, m
(k̂)
j )Y (m
(k̂)
j ; θ, ϕ) (56)
and
Y ∗(l, m′(â); θ, ϕ) =
∑
j′
χ∗(l, m′(â); l, m
(k̂)
j′ )Y
∗(m
(k̂)
j′ ; θ, ϕ) (57)
the overlap integral is
I =
∫∫ ∑
j′
χ∗(l, m′(â); l, m
(k̂)
j′ )Y
∗(l, m
(k̂)
j′ ; θ, ϕ)
×∑
j
χ(l, m(â); l, m
(k̂)
j )Y (l, m
(k̂)
j ; θ, ϕ)dΩ (58)
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=
∑
j′
∑
j
χ∗(l, m′(â); l, m
(k̂)
j′ )χ(l, m
(â); l, m
(k̂)
j )
×
∫∫
Y ∗(l, m
(k̂)
j′ ; θ, ϕ)Y (l, m
(k̂)
j ; θ, ϕ)dΩ (59)
=
∑
j′
∑
j
χ∗(l, m′(â); l, m
(k̂)
j′ )χ(l, m
(â); l, m
(k̂)
j )δmjmj′
=
∑
j
χ∗(l, m′(â); l, m
(k̂)
j )χ(l, m; l, m
(k̂)
j )
= δm′m (60)
In the proof, we have used the result
∑
j
χ∗(l, m′(â); l, m
(k̂)
j )χ(l, m; l, m
(k̂)
j ) = δm′m (61)
which is just the orthonormality relation for the spin probability amplitudes.
5 Discussion and Conclusion
This work has extended the derivation of the new generalized spherical har-
monics to the case l = 2. The expressions for the functions have been de-
rived, as well as the corresponding probability densities for the z′ direction.
By means of simple transformations the corresponding expressions for the x′
and y′ directions have been obtained.
Now, for the case l = 1, it has been shown that the generalized spherical
harmonics satisfy the eigenvalue equation[11]
L(â)Y (1, m
(â); θ, ϕ) = mh¯Y (1, m(â); θ, ϕ) (62)
where
L(â) = ih¯{sin θ′ sin(ϕ− ϕ′)
∂
∂θ
+ [sin θ′ cot θ cos(ϕ− ϕ′)− cos θ′] ∂
∂ϕ
} (63)
We note that L(â) can also be written as Lz′ since as argued in the section
on probability amplitudes and probability densities, it is convenient to think
of the vector â as defining a new z direction, denoted by z′.
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It is expected that all generalized spherical harmonics satisfy the eigen-
value equation, Eq. (62). This is tedious to prove in practice, and has not
been done for the present case l = 2. This will be tackled in the near future,
since it is an important part of the proof of the correctness of the philosophy
underlying this work.
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